Lecture 31. Orthogonal complements

Def Given o subspace \V of IR, its orthogonal complement V' is the

set of all vectors in IR” which are orﬂ/\ogoml fo all vectors in \V.

aw

Note (\/l)l:\/ (cf (AT) =R for a matrix A)

Thw  Given o wotrix A, we hove

Col (A) = Nul(A) and Nul(A)"= Col(A") = Row(A) .
ot Let VI, Vo, Vo be the columns of A.

V lies in Col(A)”

& V is orthogonal to VI, %, V,

& V-V =0,VV=0,, V' V=0

& AV =T (A has rows V,Vy, V]

& T lies in Nul(A)

Hence we have Col(A)™= Nul(A")

For A, we find Col(A)"= Nul(A™) = Nul(A)

= Nul(A) "= (Col(A)™ = Col(AT) = Row(A)
Prop Given o subspace V of IR, we have dim(V)+dim(V7)=n.

P_WC Take an mxn watrix A whose rows form o basis of

= V= Row(A) and V7= Row(A)"= Nul(A)
= dim(\V) +dim(V) =n (Rank—nullity theorem |



Ex  For each subspace of IR’, find a basis of its orthogonal complement.
() The plane 2x+44y-3z=0
Sol The plane is given by Nul(A) with
A=[24-3]
The orthogonal complement is Nul(A)™ = Row(A) (= Col(A')]

2
Since A has a Unigue  row , Rowl(A) has o basis given by [4:‘
-3

row of A

Note Tn fact, the orthogonal complement of the plane ox+by+cz=0

o
is the line sponned by |ibi|

C
(2) The intersection of the planes x+y+2=0 and 2x-32=0

Sol The space is given by Nul(A) with

.
A= [2 0 5}
The orthogonal complement s Nul(A) " = Row(A) (= Col(A"))

The two rows in A are linearly independent .

| 2
= Row(A) has a basis given by I:I] [D]
l -3

rows of A




2
(3) The line spanned ‘og 7=|::|
4

Sol The line is given by the row spoce of
A=[2-24] with RREF(A)=[D-1 2]
The orthogonal complement s Row (A)™= Nul(A)

| -2
AX=T = Xi—%2+2X%:=0 = X =%~ 2Xs :¢:>Y=S|:l}+f|:0:|
|

XZ:S ) Xs'__t

| -2
Hence Nul(A) has o basis given by {Iil) I:DJ
() |

Note We can instead work with a column space  using Transpose .

3 4
@) The plane spanned by 72[2} and W=|:|:|.

4 8

Sol The line is given by the row spoce of

324 , Do 4
F\—l:4 | 8} with RREF(A) = |:0®_8j|~

The orﬂwogoml complement s Row(A)™ = Nul(A)

n 3 = | =-4Xs -4
AY=6‘=>§X T °:>ix 4X é?zt[%}
|

X2a—8X3=0 Xo= &%3 X;Lt

4
Hence Nul(A) has o basis given by [8]
|

Note This example is comparable to the last example in Lecture 29.



Eﬁ Given o wotrix. A with

oo®

oM

O |
RREF(A) = @ 11,
00O

find the dimension of each vector space .

) Nul(A)*
Sol Nul(A)™= Row(A) has dimension [number of leading 1s]

@ Col(A)™

Sol dim(Col(A)) =2 [number of leoding 1<)
dim [ Col (A)) + dim(Col (A)T] =3 [ CollA) s o subspace of )
= dim[Col(A)) =3 —=dim(Col (A)) =3 -2 =1

Note Since Col(A)™ is Nul(A) and not Nul(A), i+s dimension is

not necessarﬂg eaou(ﬂ to the nullity of A In \Cach) we hove

dim(Col (A)) + dim(Col (A)T) =3 [number of rows]
dim (Col(A)) + dim(Nul(A)) = 4 [number of columns |

(3) Row(A)™
Sol Row(A)™= Nul(A) has dimension

[number of columns without o leading 1)



